We consider independent anisotropic bond percolation on Z d × Z s where edges parallel to Z d are open with probability p < p c (Z d ) and edges parallel to Z s are open with probability q, independently of all others. We prove that percolation occurs for q ≥ 8d 2 (p c (Z d ) − p). This fact implies that the so-called Dimensional Crossover critical exponent, if it exists, is greater than 1. In particular, using known results, we conclude the proof that, for d ≥ 11, the crossover critical exponent exists and equals 1.
Introduction and Results

Background
In this note we consider anisotropic bond percolation on the graph (Z d+s , E(Z d+s )), where E(Z d+s ) is the set of edges between nearest neighbors of Z d+s . We simplify notation and denote this graph by Z d+s = Z d × Z s . An edge of Z d+s is called a Z d -edge (respectively a Z s -edge) if it joins two vertices which differ only in their Z d (respectively Z s ) component. Probability is introduced as follows:
given two parameters p, q ∈ [0, 1], we declare each Z d -edge open with probability p and each Z sedge open with probability q, independently of all others. This model is described by the probability space (Ω, F , P p,q ) where Ω = {0, 1} E(Z d+s ) , F is the σ-algebra generated by the cylinder sets in Ω and P p,q = ∏ e∈E µ(e), where µ(e) is Bernoulli measure with parameter p or q according to e been a Z dedge or a Z s -edge respectively.
Given two vertices u, v ∈ Z d+s , we say that u and v are connected in the configuration ω if there exists an open path in Z d+s starting in u and ending in v. The event where v and u are connected is denoted by {ω ∈ Ω : v ↔ u in ω} and we write C(ω) = {u ∈ Z d+s : u ↔ 0 in ω} for the open cluster containing the origin. We denote by θ(p, q) = P p,q (ω ∈ Ω : |C(ω)| = ∞) the main macroscopic function in percolation theory and denote the mean size of the open cluster by χ(p, q) = E p,q (|C(ω))|). Whenever necessary we shall write χ p (d) and p c (d) for the expected cluster size and critical threshold 1 on Z d with a single parameter p ∈ (0, 1). For a comprehensive background in percolation theory we refer the reader to [6] .
It is easy to see, by a standard coupling argument, that θ(p, q) is a monotone non-decreasing function of the parameters p and q. This enable us to define the function q c :
The function q c (p) is continuous and strictly decreasing (see [1] ) and we are interested in understanding its behavior as p ↑ p c (d)?
This problem arises in the physics literature as the dimensional crossover problem. The term crossover relates to the study of percolative systems on (d + s)-dimensional lattices, where the ddimensional parameter p is close to p c (d) from below and the s-dimensional parameter q is small. Similar anisotropic ferromagnectic models have also been considered in the mathematical physics literature, see the works [3] , [4] and [8] .
Dimensional Crossover and Results
A major problem in percolation theory is the existence and determination of critical exponents.
For instance, quantities such as χ p (d) are believed to diverge as p ↑ p c (d) in the manner of a power law in |p − p c (d)|, whose exponent is called a critical exponent (see Chapter 9 in [6] for details). More precisely, it is believed that there exists a γ = γ(d) > 0 such that
Here the relation a(p) ≈ b(p) means log equivalence, i.e., log a(p) log b(p) → 1 when p ↑ p c (d). In [7] the authors introduce another critical exponent, the so-called dimensional crossover critical exponent for the Ising Model, which is related to the function in Equation (1). The same exponent is introduced in [10] for bond percolation and it is expected that: Conjecture 1. There exists a critical exponent ψ = ψ(d) > 0, depending only on d, such that
We highlight a few papers that investigate this matter. In [5] the authors examine bond percolation on Z 3 = Z 2 × Z . Here Z 2 -edges are open with probability p and Z-edges are open with probability q = Rp, where R is the anisotropy parameter. By means of a simulation, the authors estimate ψ(2) by 2.3 ± 0.1, which is compatible with the critical exponent γ (2) , which is expected to be 43 18 (see [11] for example). In [10] the authors study a percolation process on
-edges are open with probability p and Z-edges parallel to z are open with probability q = Rp. Simulated data then indicate that in the limit 1/R → 0, the crossover exponent ψ is equal to 1 for all d. In the opposite limit R → 0, their analysis suggests that ψ(d − 1) = γ(d − 1). This result was later contradicted by Redner and Coniglio [9] , where the authors argue the opposite relation, that is,
In [12, 13] the authors proved that, if γ(d) and ψ(d) exist, then ψ(d) ≤ γ(d). In this paper we are concerned with the reversed inequality. The following theorem gives an upper bound for the critical curve q c (p) when p is sufficiently close to p c (d), providing a partial answer in that direction. 
In [12, 13] it is shown that lim sup
whenever γ(d) exists. The results in [2] imply that, for the nearest-neighbor percolation model in dimensions d ≥ 11, the exponent γ(d) exists and is equal to 1. This immediately implies that ψ(d) exists and is equal to γ(d) for all d ≥ 11. We have just proved the following result.
Theorem 2.
Consider an anisotropic bond percolation process on Z d × Z s , d ≥ 11, s ≥ 1, with parameters (p, q). Then the critical exponent ψ(d) exists and is equal to γ(d) = 1. Hence Conjecture 1 is true in case d ≥ 11.
Proof of Theorem 1
It is sufficient to prove the theorem for the case s = 1. Let U be the set of unit vectors in Z d , so that |U| = 2d. We will denote the vertices of Z d+1 by (u, t) where u and t are the Z d and Z component respectively. We also introduce the notation [e, t] ∈ E(Z d+1 ) for the edge (u 1 , t), (u 2 , t) whenever e = u 1 , u 2 ∈ E(Z d ).
Consider now the multigraph obtained from the vertices of Z d+1 = Z d × Z where every Z-edge is replaced by 2d other edges indexed by U. We denote this graph by Z d+1 
It is clear that with these parameters, the distribution of the cluster of the origin in Z d+1 with law P p,q is the same as that in Z d+1 U with law P p,q . The proof consists of a dynamical coupling between two percolation processes. That is, for every configuration ω ∈ {0, 1} E(Z d+1 U ) with law P p,q , we shall obtain a configuration ω ∈ {0, 1} E(Z d ) with law P r on Z d where r = p +qp(1 − p). To accomplish this we construct a sequence {η(e)} e∈E(Z d ) of independent 0-1 valued random variables with parameter r, a sequence E i = (A i , B i ) of ordered pairs of subsets of E(Z d ), a sequence S i of subsets of Z d+1 and a sequence S π i of subsets of Z d , with i ∈ N. We proceed as follows.
U , we use the notation (u, t), (u, t + 1) v for the Z-edge between (u, t) and (u, t + 1) indexed by v ∈ U. We say there is a v-hook at vertex (u, t) ∈ Z d+1 if the edges (u, t), (u, t + 1) v and (u, t + 1), (u + v, t + 1) are open. We consider an arbitrary, but fixed, ordering of E(Z d ) and let (0, 0) be the origin of Z d+1 . We set E 0 = (∅, ∅), S 0 = {(0, 0)} and S π 0 = {0}. Let f 1 = 0, 0 + v , v ∈ U, be the first Z d -edge, in the fixed ordering, incident to S π 0 . We set η( f 1 ) = 1 if exactly one of the following two conditions hold:
, 0] is closed and there is a v-hook at vertex (0, 0).
We set
If η( f 1 ) = 1, we set
Whenever η( f 1 ) = 0, we set S 1 = S 0 and S π 1 = S π 0 . Suppose the sequences {E i }, {S i } and {S π i } are defined up to the index i = n − 1. We then define E n , S n and S π n as follows. At first, let π : Z d × Z → Z be the projection of Z d × Z onto Z, that is, π((u, t)) = t, and consider the bijection between S n−1 and S π n−1 given by
Let f n be the earliest Z d -edge in the fixed ordering with the property that f n ∩ S π n−1 = ∅, f n ∩ (S π n−1 ) c = ∅ and f n / ∈ A n−1 ∪ B n−1 . Assume, with no loss of generality, that f n = u n−1 , u n , where u n = u n−1 + v for some v ∈ U, with u n−1 ∈ S π n−1 and u n−1 + v ∈ (S π n−1 ) c . We set η( f n ) = 1 if exactly one of the following two conditions hold:
)] is closed and there is a v-hook at vertex (u n−1 , π(θ −1 (u n−1 ))).
We then set
If η( f n ) = 1, we set
and
S π n = S π n−1 ∪ {u n }.
In case η( f n ) = 0, we set S n = S n−1 and S π n = S π n−1 . Now that the dynamical coupling is well defined, we make some observations. By construction, there is a bijection between the sets A n and S n \{(0, 0)} and the sets A n , B n and S n are non-decreasing. So we can define A ∞ := lim A n , B ∞ := lim B n and S ∞ := lim S n . We also observe that all edges in A ∞ form a connected set containing the origin of Z d and also that S ∞ is a subset of the cluster of the origin of Z d+1 in the process with law P p,q .
To complete the description of the law on {0, 1} E(Z d ) , we dispose of a collection of iid Bernoulli random variables {η(e)}, for all e ∈ E(Z d )\(A ∞ ∪ B ∞ ), with parameter r = p +qp(1 − p), independent from all other random variables used previously. Now, since the random variables {η(e)} e∈E(Z d ) are independent, the probability measure generated by them is exactly the same as that of an independent bond percolation process on Z d with parameter r = p +qp(1 − p). This means that P p,q (|A ∞ | = ∞) = θ(r).
Taking q ≥ 8d 2 (p c (d) − p), observing that 1 − p > 1/2 and taking (p c (d) − p) sufficiently small, say p ∈ ( 1 2d , p c (d)), we estimate
To conclude, we observe that, for these values of q, we have
Discussion
Under the hipoyhesis that ψ(d) exists, the expression in (2) already shows that ψ(d) ≥ 1. This bound should saturate when the dimension is above the so-called critical dimension for percolation (d c = 6), but is not expected to be sharp for 2 ≤ d ≤ 5.
An interesting feature of this dynamical coupling is that, with a minor modification, the same result holds for the bilayered graph Z d × {0, 1} rather than the full graph Z d+1 . One wonders if the bound obtained here is sharp for those bilayered graphs, even in low dimensions.
We also observe that the bound obtained in Theorem 1 is not directly related to χ p (d) and we expect that the following result should be true. In mean-field, that is, when a regular tree is considered instead of Z d , it is posible to prove that the conjecture above holds. We decided not to write down the proof in this note since it would not improve the bound and the method only works in mean-field.
